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This exam contains 12 pages (check), including this page. Organize your work in the space provided.
You will be provided Laplace transform table sheet.

You may not use books, notes or any calculator.

A correct answer presented without any calculation will receive no credit.

A correct answer without any explanations will not recieve full credit. You are expected to
clarify/explain your work as much as you can.

An incorrect answer including partially correct calculations/explanations will receive partial credit.

You are expected justify your claims unless you are using results from the lecture. Claims without
any clarification will not be scored.
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1. Consider the di↵erential equation
dy

dx
= �x+ 3x3 sin y

x4 cos y
. (1)

(a) (4 points) Show that equation (1) is not exact.

x+3xsmy
aucory-- I guy=?<So]MAy)+Ne !

-C =0

IEs!ng dx+x"casycy ③
M!xy) y ->(I) !s notexect.
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(b) (4 points) Find an integration factor of x, i.e., µ = µ(x), so that (1) becomes an exact di↵er-
ential equation when multiplied by µ(x).

(c) (12 points) Following from part (b), find the general solution.

Losy S(- )da
↓- ):g M!x) =e

- erz
=2

- I =I=- I

!s a funct!on of X. therefore an

!ntegrat!on factor for (H !s

Mult!ply!ng ③ by Mx:1, we get

( +3xsny) dx+xcoxyay =-

- -

n!czy) üsty)

*Integrate Msty) w!th respectto x:

Sacryscx=((1+3x2smy)dx =x+es!ng +gly).

*D!fferent!ste the result w!threspecttoy:

&(x+xs!ny +g(y)) =x3y +g!y).
*th!s mustbe equad to NCAy):

Acary +y(y) = (x,y) =>g(cy) =0 =gay) =c.

So the general
solut!on!s

x+2smy +c =0.
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2. Consider the second order Cauchy–Euler equation

x2y00 � 3xy0 + 4y = x2 ln x, x > 0. (2)

(a) (7 points) Find the fundamental set of solutions {y1(x), y2(x)} of the homogeneous part.

(b) (13 points) Find the solution of (2) subject to the initial conditions y(1) = 1, y0(1) = 3.

Homogeneous part:wy"-3xy'thy=0.
Let
y

=x The y=raws y"
=v!r-1 a-2. We subst!tute !nto

to get
M(r-1) -3 - 4 =

0 =11,2 =2

=>Yek) =x2,yy() =z2lx.

So fenomental sefof solut!ons !s:

Exce

We d!s!de the equat!on by an to wr!te !t!n standard form
as

y" - Ey + y =c x=g(x)
=ex

We eppy
the Method of Yaraton of Parameters to obta!n a

partrautor solut!on.

Gel!rSolut!on

~19=12==
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d!z!-Se
rens:S!
-S de

=-Stack =Sc=Stdt
2

enz)
=-

An =
↳
2

3

& part!cular solut!on !s

>ex.hx)f() =y,v!tyz = -x I E 2 I xx)

solut!on

yg(x)
=x,y,()

+cy,)
+Y(x) =4x2+2x24x +fz2((x).

Solut!onof
!nt!al vahre problem
-

D!fferent!at!ng yg(x)
(x) =24x +2xxhx +xx +yx(x) +yx().
yg

New we employ !ntrol con!t!ons to get

y11
=c =1

=>G =1,cz =1.

x =

1
=

yx) =2c, +c =
3

Herce

y(x)
=x2

+x2lx +1x(hx)3
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3. Consider the forth order di↵erential equation

y(4) + y = e
p
2t
2 sin

 p
2

2
t

!
. (3)

(a) (10 points) Find the solution of the homogeneous part.

(b) (10 points) Write the general solution of (3) without computing the numerical coe�cients.

Character!st!c equat!on !s

!π
m" +1 =0 =m = - 1 =e

-

!π
The seek forth orterroofs of e !n setof complexnumbers

:( +k)
m4 =e!t =2

:CT1+ k.25)
=>M =2

S
kE &.

k =0 :m,=
e 12

+!v-
2

k
=
1 :M2 =
e! --

ve !-2

4 =
2:My =

e!55/4 =-
12

-
!VE

2I

k
=3:my

=2

:7/2
=2 - !

Her

In(t)
=et(c,w(+) +xs!n(t))++(cw(+) +s!n()

⑪ ② ③ ⑭

g(t)
=

e +

sm(+) =Y(+) =e)As!n(t) +Bcs(t)
mested
y

Undeterm!ned Geff!c!ents

Observe thatTC !nvolves l!nearly deperat!onspats w!th and

& of the homogenous solut!on. So we update Yet) as

[H)
=+e) As!n(t) + Bcos(t).

Consequently general Solut!on !s

yg(x)
=fn(t) +Y(t).
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4. Find the power series solution of the di↵erential equation

y00 � 4xy0 � 8y = 0

in terms of powers of x, i.e., about x0 = 0 by following the steps below:

(a) (10 points) Determine the recurrence relation.

We seek the general solut!on of the form

y
=zmz =y = Zaman, y"=annen!ze

e

So we subst!tute these !nto the equat!on andget

All powers↓to zDen!zEt!
=>202 - wartErtanzuntascs-unan-wan]=

=>22=400, anas, n =1 ...

-
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(b) (10 points) Find first 3 nonzero terms for each linearly independent solution.

-n =

1
=2 = 1) =22

1 =2 =24 = e =ba

1 =3 =25 = =22
!

yg(z)
=La
=> bot 2,xtazzat---

=2.1 +4x2 +(x+...) +x(x +223 +2x5+...)
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5. (20 points) Use the Laplace transform to solve the initial value problem

(
y00 + 2y0 + 2y = g(t),

y(0) = 0, y0(0) = 2,

where

g(t) =

(
1, ⇡  t < 2⇡,

0, elsewhere.

E·+24 =Uy -U 25De

gH
=

We applythe Lepbu transform and get
-2 TS

SY(x) - 2y)
-

y
+2s4(x) -2) +24(s) =*-

=>Y(s)(s4+25 +2) =

2 +1
- *

- !e
-2Hs

=>41=en - IS

542s+2 seste)* - Feste)"
⑪ ② ③

to
apply
!nverse Implace transform letus f!rstdecompose

& (aw8) !nto fract!ons w!th !rreduc!ble denom!nators.

+)

= +=As+2 As +21 +B5 +Cs =
1

=>(A+B)s+ (2A +2)s +2A
=1

=A =42,B = -y) = - 1.
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So me rear!te YIsI as

411-2+1=- e) e- * (-e)es
I 2 I 2

sel, a ! sel, a !
=2+1

-- Y,(s)

+es- -!sten!lets -- Yels
-Els-+ - Tat!l eh!s

-Yy(s)

We
apply

!ncere Lapbon froform to get

2" { 4,13 =22-ts!t

[{Y2(13 =Guy(x)1 - e
-|t-π)(t -π) +e

- 14 - *sm(t - π))

=y)1 +e t+Yarst - e
- +*s!t)

254,133 =224))1 - e

- (t-24),(t -2π) +e

- (t -2π)smt - 2π))

=⑪2+,)(1
-e

t +24st + e

- 4+

2πs"t)

Here

y(t)
=23y(33

·

=2"{4,113 +242413 +254513
=Les!t +(1 +ettarst-e-+* s!t)

- t+2π

-&24/1-etttestte s!nt)
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6. Consider the following system of first order linear di↵erential equations.
(
y01 = 5y1 + 3y2,

y02 = �y1 + y2.
(4)

(a) (7 points) Find eigenvalue(s) and associated eigenvectors of the coe�cients matrix.

(b) (7 points) Find the fundamental matrix, �(t), with the property that �(0) = I. Here I
represents the 2�dimensional identity matrix.

Coff!c!ents matr!x!s A = T?,?). Assoc!ated character!st!c

polynom!al !s

Px(1) =1
=- x) =

(5 - x)x - x) +3 =x2 - 6x +8

Px(A) =0x= )&2 -6x+V =0=1, =2,x =4

X2: 30 +3v!" =0 ( x =4a +3r! =0- I

=>v, =s, ve = -, SEIR.
d

=>v! =35, We =-s, SER

!Let s =1. th
Let =1. The

~"=(-1) I v=(2)

Fanamentalsetof solut!on !s {le), I ")}, 0

41 = ee** =410s=(!)I ↳t I
=>v! =!s)=!) =1 !)

Herce

-en!) (! !lf(t) =4()fc) = I
2

2t

3e2t
--et

2- (t te selt_t
I
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(c) (6 points) By using the fundamental matrix �(t) you found in part (b), find the solution of
(4) subject to the initial condition

y(0) =

✓
y1(0)
y2(0)

◆
=

✓
1
�1

◆
. ⑦

Solut!on of
(II) Subject to the !n!t!al cond!t!ons & !s

1 + et 3e2t
I I-2 2 2

y
= I

2t
-- -"(1)est_et selt_t

L!t

- I
-t+ bet-Et I
et- 3e2t, etI

-I I
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