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This exam contains 6 pages (check), including this page. Organize your work in the space provided.

If necessary, you will be provided one empty sheet.

You may not use books, notes or any calculator.

A correct answer presented without any calculation will receive no credit.

A correct answer without any explanations will not recieve full credit. You are expected to

clarify/explain your work as much as you can.

An incorrect answer including partially correct calculations/explanations will receive partial

credit.

You are expected justify your claims unless you are using results from the lecture. Claims

without any clarification will not be scored.

Grade Table

Question: 1 2 3 4 Total

Points: 20 25 30 25 100

Score:

1. (20 points) If the Wronskian W (f, g) of f(t) and g(t) is 2t4 cos t, and if f(t) = t2, find g(t).

Solut!on Key

!y!g=/*99)=2+4cost

=>gt2 - 2tg
=2+cost

=>y' - Eg =2+cost -> 1storder, l!neer
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2. Consider the logistic equation

(
y0 = y

⇣
1� y

K

⌘
, t > 0,

y(0) = y0,
(1)

where t is the independent variable that represents time, K > 0 is the carrying capacity and

y0 is the amount of population at t = 0.

(a) (5 points) Classify the di↵erential equation. According to your classification, explain

your solution strategy. Give details as much as you can.

Herfactor:M!t =eS-Edt_e-2et_f-

-> Ig'-2+g =2cost

=>(g+Y =2st

=>g +
=
es!t =g() =2+s!t

a.Ast order, nonl!nearBenoull!,w!th n=2.

Strategy z=

y
1- 2

=z=

y
- 1
=z =-y-y)-
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(b) (5 points) Is there any equilibrium solutions? Explain.

(c) (15 points) Let y0 > 0. Solve the initial value problem (1). Then show that all solutions

approach to the capacity as time tends to infinity, i.e., for all y0 > 0 show that

lim
t!1

y(t) = K.

We seek a solut!on so that!trema!ns unchanged estvar!es,!ne;
1
=0.

y
y' =0 =>y(1 - z) =0

=>

y
=0 ar y

=k.

Letus express the equ.es/ to f!nd solut!on to &YP, we take

- I y'
-

y
=

-y, t=0ay =

y..
zey

I

the
2 =-yy I.

etz +1 =1 y =y +c =c =G - k
=>Get= I So solut!on of IYP !s

=zet
=2 + y =! +(5 -) e

-t

z!y!cee I
-

-2- ) et
lany4) =!=+-0

!s the general solut!on.
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3. Consider the initial value problem

8
><

>:

y0 =
x� cos y

sin y
,

y(0) =
⇡

2
.

(2)

(a) (5 points) Is it linear or nonlinear? Explain.

(b) (10 points) By refering to the related existence–uniqueness theorem, what can you say

about existence and uniqueness of a solution? Explain.

(c) (15 points) Solve the initial value problem (2).

Hint: You may need to re-express the main equation in a more convenient way.

Norther, because !t !s not!n the form

y' +pHy
=q(t).

f(xy) =Fy and =-s!ng are ant!mous

s!ny
!n {Iys/rtR, ye1R/5k43, ke23.

...
7
--------

Int!al cond!t!on belongs to 1Rx C0,TK). So thore

1 ex!sts a urque solut!on !n a rectangular
-= reg!on

wh!ch l!es !n Rxc0,512).

-...........-

-Th

↳=Ecosy -> bysmy =dalt-cay

->dyy + de/cosy -x) =D
mer

N(xy) M(xcy)

My = - smy =0 =Nx => not exact
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4. Consider the di↵erential equation

y00 � y0 � 2y = 0, t > 0. (3)

(a) (5 points) Classify the equation.

-Factor:Arteg

Myn ~M()
=
e(ft)dx =e

-x

=>Nx =(y
- r

=-1 =)

s!ng funct!on
of z

↑(y)1

Ex /We mult!ply the equat!on by et to get I ! de
saptay

(xy)
*

(xy)
- 1

2 s!ng dy +(e-Fary -ex)dx
=0

- e

[(xy) n!czy) S

**fecorg - ex)dx -g(y) =0 =)g(y) =c
->- ecozy - -(x+1) +2 =0

=-exosy-e(x+1) +gly) emply the 1.C. x=0, y
=:

Serkay -e- (etl!gıyı) I -0 - (01) +c =0
=c=1.

So sol, to IYP !s

=e-sng+g'y)=
-Frosy te(x+1)=

*Constract coef.
*2nd orcher

*l!near
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(b) (8 points) Find the fundamental set of solutions of (3). Verify your answer.

(c) (7 points) Solve the di↵erential equation (3) together with the initial conditions y(0) = 2

and y0(0) = ↵, where ↵ is a constant.

(d) (5 points) For what value of ↵, does the solution decay to zero exponentially as t ! 1?

Explain and give details if necessary.

&terst!cequat!on: ↑2- r- 2
=0 =)r =-1,7 =2

=>y,() =et,y14) =e2t

perf!cat!on:(e-t,evt) =(el-zet+zet-netto Ht

W

General Solut!on.

=22- 4+xe 27 =f(0) =2 =c, +c
=>

x =22

yu) = - ce
-4
+2ae4t y'cl =x =

- 4 +224=

8
AYP

y()=(2e2
+

1
-t

If we choose c=-2, than coeff!c!ent!n frontof a becomes

fer.

C = -2 =2 =0

=>yH) =
2e-

t

-

n


