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This exam contains 6 pages (check), including this page. Organize your work in the space provided.

If necessary, you will be provided one empty sheet. You will also be provided Laplace transform

table sheet.

You may not use books, notes or any calculator.

A correct answer presented without any calculation will receive no credit.

A correct answer without any explanations will not recieve full credit. You are expected to

clarify/explain your work as much as you can.

An incorrect answer including partially correct calculations/explanations will receive partial

credit.

You are expected justify your claims unless you are using results from the lecture. Claims

without any clarification will not be scored.

Grade Table

Question: 1 2 3 4 5 Total

Points: 20 25 20 20 15 100

Score:

1. Consider the di↵erential equation

y000 + 4y0 = t+ cos(2t). (1)

(a) (10 points) Classify it. Then find its homogeneous solution yh(t).

Solut!onKay

Homogenous part:y'"+by'
=0

Character!streequat!on:M +4m =0 =m(m2+h) =0

=>M, =0, My =2!, My = - 2!
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(b) (10 points) Use the method of undetermined coe�cients to determine a suitable form for

the particular solution Y (t) (do not evaluate the constants).

2. Consider the di↵erential equation

x2y00 � 2y = 4x3 � 3, x > 0. (2)

(a) (5 points) Show that x0 = 0 is a regular singular point of the equation (2) by referring

to the definition.

(b) (10 points) Find the homogeneous solution, yh(t), of (2).

Homogeneous solut!on:Ya't=(,+Cyc(2t) +cys!n(2t)

Montomogenous part:gets
=+ate l!neerly dependentw!th&cacos (2+) +agsml
-

Pt:YH) =At+Bhe l!nearly depret& coslet):Yel)=[cos2+ + DsM2tw!th c

↓ upolate
↓
upote

Ye(t) =At+Bt Y24) =C720,27+ DAsm2t

=>Part!cular solut!on:4(= 17+Bt +240,2++Dts2t

P() = 4G(x) =0, R(z) = -2

Itl!n=0f!re => By dagn!sm, zo= !s a regular agelenen

Homogeneous part:ey" -2y=0.

I
to

8
-1 - 2 =0 =n - r -2

=0

Let
y

=x
=Then

=>1 = -1,2 =1

y
=r-,y"

=rcr- 1) =V
- 2. Thus

Subst!tute !nto the homogenous model Ih() =4,2
+1272.



Math 255 Di↵erential Equations Midterm II - Page 3 of 6 17.08.2023

(c) (10 points) Find a particular solution for (2). Combine your result with the one you

found in part (b) and express the general solution.

3. Consider the di↵erential equation

xy00 � y0 + y = 0. (3)

(a) (4 points) Show that x = 0 is a singular point of the equation (3) by referring to its

definition.

(b) (4 points) Can you find an ordinary point of (3)? Explain.

We put
theequat!on !nto the standard frm to get

y" - Ey =4x - 22
So g(x)

=4x -:

Wronsk!on of the fundamental solut!ons !s

ayy) =1 E El =3.
then, apply!ng

Novat!on of Parameters method we get

mas--(** = - (14x - 2) =dx =-x4 +x,

Y() =((yd =5)(4x -22)=dx = +d2"
valysY2)(2)

wh!ch y!elds part!cula solut!on as

Y(x) =y,()v,(2) +y,(x)Ve(x)

=f)ayakta
!s

= 2 +x
3

P(x) =xandplo) =1.
So ato !s a s!ngutar po!ntof 139.

A

-tow! theopertyand !ste
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(c) (12 points) Suppose you are going to derive a series solution around the point you found

in part (b). Find the associated recurrence relation.

y
=zaz- 1 =y =a-1- y"=Zem!n-ank-e

Subst!tute:
*En!n-ant--2_ren-en- Dala--
1n
=2

* -1+1

=>En!n-ank-*-+En!n-Bank--e_men-en- Dala--a=2 a=2

↓ all powers to (z-1)"

=>Z!nesnan-I-Z!ngatant-!s-Zann-+Zara- "=
n=1 n=0

↓

all summat!on !ndex ton=+

=>2m -e test Tr!nsert Internetant!-!nt!ere!ter](-1) =-

=>22 =0, (n+2) (ns) ant2 =ent(nH - n - n) - a

=>en +
=

-
-2, n,1.
[n+2) (rt)
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4. (20 points) Use the Laplace transform to solve the initial value problem.

(
y00 + 4y = e�t,

y(0) = 1, y0(0) = �1.
(4)

Sept Lapba tragorm:
s'4(s) -sy107 y(0) +44(s)=
=>sY(s) - S +1 thYs) =1

stl

SH2 Solve for Y!s:

Sh
(44)Y(s) =s - 1 +1-

=>+(x) =x(s+1) ⑯

tes. Fause dephenTransform:
Letus f!rstdecompose

Cs+1)
-19-11 Es

=>s= AsAs + Bs+B+Cs4c/"munte

=>s =(A+C)5 + (A+B)st B +4

At1 =1 A=415

=)
AtB =0

=>B =-4/5

B +4=0 C=1/5
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5. Express the functions whose graphs are given below in terms of unit step functions. Then,

using these representations, find their Laplace transform by referring to the transform table.

Give details of your work as much as you can.

(a) (8 points)

1 2 3 4 5 6 7 8
x

�3

�2

�1

0

1

2

3

y = f(x)

(b) (7 points)

1 2 3 4 5 6 7 8
x

�1

0

1

2

3

4

5

y = g(x)

-55 - 75
eef(x) =- vz(x) +3u,(x) - uf(x) =)12f(x)) =- 2, +3 S

-

5
--

q(x) =uy()(x
- 4) +vy(x)(x - (-4)) 29913 =e

-1
- e
-

*~ s

=Vy(z)(x -k) - uy(z)(z - 8)
- -

↓ f(z-4) ↓
f(z- v)

C =C 2=8

f(z) =z f(x)=x


