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1. (a) (5 points) (WebWork 1) Solve the differential equation

3y 4 2%y = 2t°.

We have a first order, linear differential equation. Let us write the equation in standard form
by dividing both sides by ¢:

2
v+ Y= 212,

p(t) = 7 80 the integration factor is

Let us multiply both sides by p(t) = t* and then integrate both sides:
Y+ Y= 912 U t2y + 2ty = 2t*

— (1) =2t

L / () dt = / 2t4dt

5

— iy = = + C, (C € R is integration constant.

Then, the general solution in explicit form is

_2t3+O
5 2]

y(t)




Math 255 Differential Equations Final Exam - Solution Key 08.01.2024

(b) (10 points) Solve the differential equation
22y — 2zy + 3y = 0.
We seek a solution of the form y(x) = z". Differentiating y up to the order two, we get
y(z)=ra", y'(x)=r(r—1)z" 2
We substitute them in the equation and obtain the following quadratic equation in r:
r* —3r—3=0.

Roots of this equation are

l.
2

V3 . V3
<01 CoS (hl 79&) + co sin <ln 7x>> .

le_—’_ Z, ro =

3 V3. 3 V3
2

Hence the general solution is

w

W

y(z) ==z
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2. (a) (10 points) (WebWork 2) Match the graph of the solutions shown in the figure below with each
of the differential equations below.

Ay +2y=0 B.y' —y +4y=0

C.y"+5y +12y =0 D.y" +6y +9 =0

1.@ 2. D/

g/\/ oo/
SN/ . \/

Provide details of your answers in the space below.

A. — Characteristic equation is r? + 2 = 0.
— Roots are pure imaginary, i.e., they are complex with zero real part.

— Associated solution only involves sines and cosines, and does not involve an exponential
function.

Thus solution is expected to have an oscillatory behaviour where its amplitude remains
same. Answer is 3.

B. - Characteristic equation is 72 — r + 4 = 0.
— Roots are complex with positive real parts.

— Associated solution involves sines and cosines multiplied by an exponential with a
positive exponent.

Thus solution is expected to have a growing oscillatory behaviour. Answer is 4.

C. — Characteristic equation is r? + 5r + 12 = 0.
— Roots are complex with negative real parts.

— Associated solution involves sines and cosines multiplied by an exponential with a
negative exponent.

Thus solution is expected to have a decaying oscillatory behaviour. Answer is 1.

D. — Characteristic equation is 72 + 6r + 9 = 0.
— Roots are real and negative.

— Associated solution involves exponential, both have a negative exponent.
Thus solution is expected to have a decaying behaviour to zero. Answer is 2.
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(b) (10 points) (WebWork 2) Consider the differential equation
y"+ay'—|—ﬁy:t+62t.

Suppose the form of the particular solution to this differential equation as prescribed by the
method of undetermined coefficients is

yp(t) = A1t2 + Aot + B0t€2t.
Determine the constants a and f.

As the right hand side of the differential equation is t + !, an initial guess for the particular
solution is supposed to be A;t + Ay + Bye?'. However, both At + Ay and Bye? are multiplied
by t, and the particular solution is given of the form

yp(t) = Art® + Aot + Bote™.

This indicates that, the parts of the initial guess Ay and Bye* are also solutions to the homo-
geneous part (i.e., they are linearly dependent with the solution to the homogeneous equation).
Therefore, we infer that

™ = O, o = 2

are roots of the associated characteristic equation. Consequently, the characteristic equation is
r? —2r =0,
and associated homogeneous part of the differential equation is

y// _ 2y/ — O

Hence, |a =2 and § = 0‘.
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3. Consider the differential equation
(sint)y” — 2(cost)y’ — (sint)y =0, 0<t<m.

(a) (5 points) Guess a solution to this differential equation. Verify that your guess satisfies the
differential equation.

An inspection on the differential equation together with the coefficients suggest that either sin ¢
or cost might be solutions.

In fact y;(t) = cost works (our motivation on this guess is the fact that with y,(t) = cost, each
term on the differential equation become same type and the equation is to be hold). Indeed
differentiating y; up to the order two, we get

yi(t) = —sint, ) (t) = — cost.
Then, we substitute y;, v} and y{, and see that equation holds:

((sint)y” — 2(cost)y’ — (sint)y) = (sint)(—cost) — 2(cost)(—sint) — (sint)(cost)

y=cost
= 0.

(b) (10 points) Use method of reduction of order to find the general solution.

Let us first construct a second linearly independent solution, ys. Set ya(t) = v(t)cost. We
differentiate y, up to the order two and get
yo(t) = v(t) cost = yu(t) =0'(t) cost — v(t)sint
= yy(t) =v"(t) cost — 20'(t) sint — v(t) cost.

Now we substitute y,, y5 and ¥4 in the equation, and write
(sint) (v" cost — 20" sint — veost) — 2(cost) (v' cost — vsint) — (sint)(cost)v = 0.
Next, by collecting the terms, we can rewrite the above equation as
(sint)(cost)v” — 20" =0. (%)
Let us change the dependent variable as v" = w. Then v” = w" and the equation (%) becomes
(sint)(cost)w’ — 2w = 0. (k)
(%) is a separable differential equation and can be written as

1 2 2sec? t
—dw = — dt = ="y,
w (sint)(cost) tant




Math 255 Differential Equations Final Exam - Solution Key 08.01.2024

We integrate both sides and get Change of wvariables. Let u = tant =
1 2sec?t du = sec*tdt. Then
/ W™= / tant ¥ 2
w an 2sec’t 1
=In|w| = 2In|tant| / tant dt = Q/Edu =2In|u| = 2In|tant|.

=w = tan’t.

Then

v(t) = /w(t)dt

:/tanztdt
:/(tan2t—|—1)dt—/dt

=tant —t.
Therefore, we find that second linearly independent solution is
y2(t) = v(t)yi(t) = (tant — t) cost = sint — t cost.

Hence the general solution is

Yy (t) = c1y1(t) + caya(t) = c1 cost + o (sint — tcost) |.
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4. (WebWork 2) Suppose that a fourth order differential equation has a solution y = ze** sin .

(a)

(8 points) Find such a differential equation, assuming it is linear, homogeneous and has con-
stant coefficients.

Let us first derive the characteristic equation by obtaining the roots of the characteristic equa-
tion.

Observe that given solution is multiple of 2 and e** sinz. This indicates that 2 + i is a root of
the associated characteristic equation with multiplicty two. Since one root is complex, other
one will be its complex conjugate, which is again with multiplicity two.

Consequently, we deduce the following roots:
T1,2:2+i, 7’3,4:2—i.

Next, let us form the characteristic equation. A quadratic equation, provided sum and product
of its roots, is in the following form:

r2—Sr+P:0, S=nri+ry, P=nrr.

In our case, S = (2+1¢)+(2—4) =4 and P = (2+1)(2 — i) = 5. Considering the fact that
each root has a multiplicity two, we obtain the characteristic equation as

(r = 4r +5)* =0

or equivalently
rt —8r® 4+ 26r* — 40r + 25 = 0.

Consequently the differential equation associated to the above characteristic equation is as
follows:

y W — 8y + 26y" — 40y’ + 25y = 0.

(7 points) Find the general solution to this differential equation.
Recall that roots of the characteristic equation are
T1,2:2+i, 7“374:2—2'.

Then, along with the given solution ze?*

as follows:

sin z, other three linearly independent solutions are

2 2 2

yo(x) = e*sinx, ys(xr) =e“cosx, yu(r)=re* cosz.

Hence the general solution is

yg(z) = crxe®® sinx + o sinx + cze?® cos x + cyxre®® cosx|.
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TABLE 6.2.1 Elementary Laplace Transforms
f(t) = LY F(s)) F(s) = L{ f(t)) Notes
1
1.1 — 5=10 Sec. 6.1;: Ex. 4
s
1 . i
2. & 5= 4 Sec. 6.1: Ex 5
s—a
|
3. ", n = positive integer f_l_l s=10 Sec. 6.1; Prob. 27
s
I 1
447, p= -1 (p+1) 0 Sec. 6.1: Prob. 27
5p+1
i a
5. smat . = s=10 Sec. 6.1 Ex 6
54+ a
6. cos at > > = 5=10 Sec. 6.1; Prob. 6
5+ a
7. sinh at T s>1a Sec. 6.1: Prob. 8
s —a-
8. cosh at . * = 5 = |a| Sec. 6.1; Prob. 7
s-—a"
i b _
0 & gin bt ——- £> 3 Sec_6.1: Prob. 13
(s—a) +b
at s—a _
10. &™ cos bt ———- 5= 4 Sec. 6.1; Prob. 14
(s —a)y +b
|
11. "™, n = positive integer Ll 5= 4 Sec. 6.1: Prob. 18
(S _ ﬂ}n+
E—I’:S
12, u (1) s=10 Sec. 6.3
s
13, u (1) f(t — c) e “F(s) Sec. 6.3
14. 7 f(1) F(s—¢) Sec. 6.3
1
15. f(ct) _F (f) . =0 Sec. 6.3 Prob. 19
c \c
£
16. l; f(t—1)g(r) dr F(s)G(s) Sec. 6.6
17.4(t — ) e Sec. 6.5
18. £ (¢) S"F(s) —s" L F(0) — - — £ 1(0) Sec.62
19 (=6)" fir) F'(s) Sec. 6.2; Prob. 28
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5. (20 points) Find the solution of the following initial value problem

y" + 4y =sint —u,(t)sin(t —7); y(0)=0, ¢ (0)=0.

Taking the Laplace transform of both sides of the ODE, we obtain

1 e "*
2 / _
s7Y (s) — sy(0) —y'(0) + 4Y (s) = o + 2T
Applying the initial conditions we get
2V (s) + AV () = ——— 4 &
oS24l s2417

Next we solve for Y (s) and obtain the transform of the solution as

1 e
G R CEY RSk

Y(s) =

Using partial fractions,

1 RV 1
(s24+4)(s2+1) 3 \s2+1 s2+4)°

linearity of the inverse Laplace transform and property 5 from the table, it follows that

g_l{(32+4)1(52+1)} :%g_l{s:ﬂ} _%‘%_1{3214}

L t L 2t
= —sint — = sin 2¢.
6

3

Also, combining the properties 5 and 13 from the table, we have

¢! {(32 - Z;Zsz - 1)} _ % (sin(t _ - %Sm(z(t - w))> i (£)

— (et Lainat) w0
= 3SID 6Sln Uy .

Hence the solution of the IVP is

1 1 1 1
y(t) =L HY(s)} = gsint ~3 sin 2t — (5 sint + gsin2t) U (t) |
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6. (WebWork 3) Compute the inverse Laplace transform of the following functions.

()

3s+6

o points) F(s) = ————
(5 points) F(s) 7125 _3°

Observe that the denominator is quadratic and can be factorized. So we decompose the fraction

as
3s+6 A B

= + ,
s24+2s—8 s+4 s—2
where A and B are to be determined. By clearing the equation of fractions and regrouping in
terms of s, we get

3s+6=A(s—2)+ B(s+4)
=(A+B)s—2A+4B = A=1and B=2.

Then, we use linearity property of inverse Laplace transform and write

PF(s)} = ¢! {S i 4@45} g {S 2 2643} |

Finally, we combine the properties 1 and 13 from the table, and find that

LHE(s)} = uy(t) (674(“4) + 262(“4)) .

s+5
s3 —3524+3s5—1

(5 points) F(s) =

Observing that the denominator is whole cube of (s — 1) and, adding 1 to and subtracting 1
from numerator, we can decompose F'(s) as

s—141+5 1 6
(s=1%  (s=1)7 (s=1*

F(s) = (1)

Then, we use linearity of inverse Laplace transform and, combine the properties 3 and 14 from
the table to derive

T e R (e

1 2!
:$_1{<s—1>2}+3$_1{<s—1>3}
—[te' + 3¢%']
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7. (20 points) Express the general solution of the following system of equations in terms of real valued
functions.
X = 25 X
S \-1 4

Step 1: Eigenvalues. The eigenvalue—eigenvector problem for the associated coefficients matrix

is
2 5 2—-A 5
(_1 4)v:)\V:O:>(_1 4_>\)V:O. (%)

Seeking nontrivial solutions of (¥ ) (that is, eigenvectors) forces us to write

2—\X 5
det(_1 4_)\):0,

which yields the characteristic equation

2 5 2-\ 5
(2 ) -a) =0 = w20 0)
= 2-MNA4-N4+5=0

= M —-6)1+13=0.

Then, the eigenvalues are A\; = 3 + 2¢ and Ay = 3 — 2i.

Step 2: Eigenvectors. Let v = (1y | be an eigenvector for the eigenvalue A;. Now for
U

A1 = 3+ 2i, the system (¥ ) reduces to the following single equation,
(=1 =20 + 50 =0,
which has the following one parameter family of infinitely many solutions.
vgl) = (1 — 2i)s, 1)52) =s, sekR

Taking s = 1, we find that first eigenvector is

1—2
(1) —
v - (1),

Step 3: General solution. In view of above work, one (complex valued) solution is

o(3+20)t <1 —1 22) '
As a result of the following calculations

B+t (1 _1 22) = €% (cos 2t + isin 2t) (1 _1 QZ)

34 (cos2t 4 2sin 2t + i(sin 2t — 2 cos 2t)
— cos 2t + i sin 2t

_ cos 2t + 2sin 2t Lot sin 2¢ - 2 cos 2t 7
cos 2t sin 2t
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we separate real and imaginary parts, which together form real valued fundamental set of solutions.
Hence the real valued general solution is

x(t)

e <

cos 2t + 2sin 2t
cos 2t

) + Cgegt <

sin 2t — 2 cos 2t
sin 2t

)|
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8. (10 points) (WebWork 3) Match each linear system with the one of the phase plane direction fields.

. (1 =5 . (1 —4
A.X—<2 _1>x B.x-(4 _7)){
. 1 4 . 3 4
C.x= (1 _2>x D. x= (_2 _1>x

(1) (2)

E=—===== T
¥ I

N
W
|
l
97

W /1// /) /45&?\’\)

N
/ :‘x}
i
2

(<7 <o LUy i
& i,
T &l
R ’ YA

R Ll I
2 -1 0 1 2 2 -1 0 1 2

X4 X4

(3) (4)
R NN IR S~
AR N Sy /, S N
il §§§5§§L‘m§h: A ‘\gf\ lf(' e i\ﬁg
W= WEssSS
ol DN RN ESS
a4 S NSNS
=l SR
3 NN ‘\\\ \ AR an— ﬁ\%\
e \‘\\\:\‘3\“\\\ RIS J\\
SN )
_2 ::: :‘\‘\‘“\‘x\\\\\\\\ ol T *w-:" e “/
-2 -1 0 ‘i 2I -2 —I‘l 0 ‘ll 2I

X4 X4

Hint: To solve this problem, you only need to compute eigenvalues In fact, it is enough to just compute whether the

eigenvalues are real or complex and positive or negative.

Provide details of your answers in the space below.

A. — Characteristic equation is

1—A -5 B 9 B
det( 9 _1_)\)—0 = AN +9=0.

— Eigenvalues are A\y = 3i , Ay = —31.
— Eigenvalues are pure imaginary. So the trajectories are ellipses, centered at the origin.
The linear system A matches with the phase plane direction field (1).
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B. - Characteristic equation is
1—A —4 9
det< 4 _7_)\)—0 = (A+3)°=0.
— Eigenvalues are same and A\ 9 = —3.
— Then the trajectories move into the origin.

The linear system B matches with the phase plane direction field (2).

C. — Characteristic equation is

1 —2-A

clet(l_A 4 ):0 = M4+AX=-6=0.

— Then eigenvalues are Ay = —3 , Ay = 2.
— Eigenvalues are of opposite sign, so the origin is a saddle point.

The linear system C matches with the phase plane direction field (3).

D. — Characteristic equation is

3—\ 4 B 9 B
det<_2 _1_)\)—0 = A +9=0.

— Eigenvalues are Ay = 1421 , Ay =1 — 2¢.
— Then the origin is spiral and trajectories emgerge from the origin.
The linear system D matches with the phase plane direction field (4).



