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1. (a) (10 points) (WebWork) A 9th order, linear, homogeneous, constant coefficient differential equa-
tion has a characteristic equation which factors as follows.

(r? —2r +5)r3(r +3)* =0

Write the nine fundamental solutions to the differential equation as functions of the variable t.

y1(t) = e’ cos 2t Yo(t) = e'sin 2t ys(t) =1
ya(t) =t ys(t) = ys(t) = e
yr(t) = te™ ys(t) = e yo(t) = ™™

Provide details of your answers in the space below.

e Roots from the first factor of the characteristic equation are r; = 14 2¢ and ro = 1 — 2i.
So associated real valued fundamental solutions are

y1(t) = e’ cos2t, yy(t) = e sin 2t|.

e From the second factor, 7* = 0, we have a repeated root with multiplicity 3: 7345 = 0.
Therefore corresponding fundamental solutions are

ys() =1, yu(t) =t, ys(t) =12

e From the last factor, (r+2)* = 0, we have a repeated root with multiplicity 4: 76759 = —2.
Hence corresponding fundamental solutions are

ys(t) = e yr(t) =te ¥, ys(t) =t yo(t) = P,
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(b) (10 points) (WebWork) Match the following guess solutions y, for the method of undetermined
coefficients with the second-order nonhomogeneous linear equations below.

A. y,(z) = Az* + Br + C B. y,(7) = Ae*

C. y,(z) = Acos(2z) + Bsin(2z) D. y,(z) = (Azx + B) cos(2x) + (Cz + D) sin(2z)

E. y,(z) = Aze* F. y,(z) = €*(Acos(2z) + Bsin(2z))

1. B LY 5 W g o 2. A DYy 3 ions
' dx? dr 7€ | dg? YT T v

3. C @ + 4@ + 13y = 3 cos(2x) 4. D @ - 2@ — 15y = 3z cos(2z)
' dx? dx v ’ dx? dx v=

Provide details of your answers in the space below.

1. — Characteristic equation and roots: 7> —5r +6=0= 7, =2 and r, = 3.
— Fundamental solutions: y;(z) = €** and y,(z) = 3.

Initial guess for a particular solution is Ae?*. However, this guess is linearly dependent with

y1(x). In order to ensure linearly independency, we multiply our guess by = and update it

as follows:

yp(z) = Aze™ |,

2. — Characteristic equation: 7> 4+4 =0 = r; = 2 and r, = —2i.
— Fundamental solutions: y;(x) = cos(2x) and yo(z) = sin(2x).

Nonhomogeneous part of the equation is a polynomial of degree two. Therefore our guess
for a particular solution is again of degree two and of the form

y(r) = Az + Br + C'|.

3. — Characteristic equation: > +4r +13=0=r; = =2+ 3i and r, = —2 — 3i.
— Fundamental solutions: y;(x) = ¢7%* cos(3z) and y»(r) = e **sin(3z).

Nonhomogeneous part of the equation is 3 cos(2z). Thus our guess for a particular solution
is of the form

yp(z) = Asin(2z) 4+ B cos(2x) |.

4. — Characteristic equation: 7> = 2r —15=0= 1, = —3 and ry = 5.

— Fundamental solutions: y;(x) = ™3 and y(z) = 2.

We have 3x cos(2x) on the right hand side of the equation. Thus our guess for a particular
solution is of the form

yp(x) = (Ax + B) cos(2x) 4+ (Cx + D) sin(2z) |
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2. In this problem you will use variation of parameters to solve the nonhomogeneous equation
y" + 5y + 4y = 6e .
(a) (b points) Write the characteristic equation for the associated homogeneous equation.
Homogeneous part of the differential equation is
y" + 5y + 4y = 0.
Then the associated characteristic equation is

r? 4+ 5r+4=0.

Characteristic equation: 72 +5r +4 = 0.

(b) (5 points) Write the fundamental solutions for the associated homogeneous equation and their
Wronskian.

We factorize left hand side of the characteristic equation and obtain the roots as
(rP+5r+4)=0= (r+4)(r+1)=0
=1r=—4,ry=—1.
Then fundamental solutions for the homogeneous equation are
yi(t) =™, pt) ="
Next, we differentiate y;, yo and get
yi(t) = —de ™, yh(t) = —e .

Hence the Wronskian of the fundamental solutions is
o1t ot
Wonw(® = dec( 300 5
= e x (—e_t) —etx (—46_4t)

= 3
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n®e® [ wbe®)

¢) (5 points) Compute the integrals [ ——————dt a —_—
() (5 poines) Wor. )0 Wyr. )0

Observe that the equation is in standard form, i.e., the coefficient of the leading order term is
1. Therefore we take g(t) = 6e~*. Then the first integral is

n(t)g(t) dt = e x 6674tdt =2 [ e 3dt = 2 -
Wi o= | Ty A= e = -3¢
W (y1,y2)(t) 3e 3

and the second one is

Mdt:/ﬂdt:2/dt:2t
W (y1, y2)(t) e~ |

) .2 s / a(l) dt = 2t
7 Wy

_n)gt) g(t)
W (y1, y2)(t) 3 (), y2(2))

(d) (5 points) Write the general solution.

From part (b), general solution to the homogeneous part is
yn(t) = i (t) + coa(t) = cre”™ + ™", c1,c0 € R,

From part (c), a particular solution is

) ya(D)g(1) (D)9t
() = 3 (f) (‘ W(yl,y2><t>dt> 00 | o™

= —2te M — 26_4t.

3
Hence the general solution is
Yo(t) = yn(t) + yp(t)
2
=cre 4 et — 2te7H — Ze7H,
Combining the first and the last terms, and denoting the coefficient (¢; — %) by ¢;, we can
rewrite the general solution as

y,(t) = cie ™ + cpe™t — 2te™H.

yo(t) = cie ™ + oo™t — 2t
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3. (20 points) Given that y;(t) =t is a solution of the differential equation
2y +tt—2)y —(t—2y=0, t>0,
solve the initial value problem

Py +tt—2)y —(t—2y=0; y(1)=0, y'(1)=-2.

First let us find the second linearly independent solution. To this end, let 5 be the second linearly
independent solution and set yo(t) = tv(t). We differentiate yo up to the order two and get

ya(t) =tu(t) = yst) =v(t) + tv'(t)
=y (t) = 20'(t) + tv" ().

Now we substitute o, ¥4 and ¥4 in the main equation and write
220 + ") + t(t —2)(v + ) — (t — 2)tv = 0.

Next, by collecting the terms, we can rewrite the above equation as

0

30"+ (262 + 17 — 2820 + (£ = 22w =0 = "+ =0.

Let us change the dependent variable as v = w. Then v” = w’ and the v—equation becomes
w +w=0.
Solution of this w—equation is w(t) = e~*. Then v(t) = [w(t)dt = [e7'dt = —e~" and we find that
Yo (t) = tu(t) = —te™*

is the second linearly independent solution. Thus by the superposition principle, the general solution
is in the following form:
y,(t) = cit + cate™,  c1,09 € R.

Finally, the first initial condition requires that

yg(l) =0 = c+ 02671 = 0.
To satisfy the second initial condition, we differentiate the general solution and then set ¢ = 1 to
get

y,(t) = 1t + cate™

= y,(t) = c1 + et —cote™
= y;(l) = Feget —cet = =2
=0

This gives ¢y = 2e and then ¢; = —2. Hence the solution to the initial value problem is

y(t) = —2t +2te’ |,
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4. (20 points) Consider the following initial value problem:
y'+2zy +2y=0; y(0)=3, y'(0)=-2.
First, seek power series solutions of the given differential equation about the given point zy = 0; find
the recurrence relation that the coefficients must satisfy. Then, find the first four nonzero terms in

each of two linearly independent solutions y;(x) and y2(z).

We look for a solution in the form of a power series about xy = 0

Yy = i anpx".

n=0

Differentiating it term by term, we obtain

o
y = g na, "
n=1

and

y' = Z n(n —1a,z" 2
n=2

Substituting the series for ¢’ and y” in the equation (y” + xy’ + 2y = 0) gives

n(n —1)a,z" * + 2z Z na,z" ' +2 Z a,x" =0

NE

3
||
N

n(n — Da,z" 2 + Z 2na,x" + Z 2a,x" = 0.

n=1 n=0

U
NE

[|
N

n

Next, we shift the index of summation in the first series by replacing n by n + 2 and starting the
summation at 0 rather than 2,

Z(n +2)(n+ Day22" + Z 2na,z" + Z 2a,2" =0
n=0 n=1 n=0
= 2ao + Z(n +2)(n + 1)ap0a™ + Z 2na,x" + 2aq + Z 2a,x" =0

= 2 +2a0+ Y (n+2)(n+ Dapaz” + Y 2(n+ aza” = 0.

n=1 n=1

Again, for this equation to be satisfied for all z in some interval, the coefficients of like powers of x
must be zero; hence 2as + 2ag = 0, and we obtain the recurrence relation (n+2)(n+ 1)a,i2 +2(n +
Da, =0forn=1,2,3,..., or

a2 = —Aaog

Apio = — a, for n=1,2,3,...
n+ 2
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Then we have for n =1,2,3,4
a9 = —Qop
2
n—1—>a3:—§a1
2 2
n:2—>a4:—1a2—1a0
3 — 2 2
n= as = ——a a
T 57 5x3 "
4 — 2 o
n= =——a4=—
46 6 6x4 "
o — 2 2
n= a7 = ——as = — a
! 70 Tx5x3 "
The general solution is
n=0
= ao+a1x+a2x2+a3x3+a4x4+a5x5—i—a6x6+a7x7+~~
i 2 2 3+2 4y 22 5 22 6 28 n
= a9+ ax — agr” — —a1x° + —apx G’ — ——agx” — ax' 4 ---
O R T T T 3™ x4 Tx5x3
n 2 5 2 3y 22 4y 22 5 2° 6 23 Ty
= a9+ ax — —apr” — —a1x aox anxr’ — ———agr’ — ———a v’ + -
0TI T T0T T T 2™ Ty k3™ 6x4ax2 " TxHx3
2 22 23 2 22 23
_ 1 2,2 4 6, I 5 T
ao( 2" TIx2" Toxaxa T )““(x 37 TEx3" Txsx3 T

Substituting initial conditions y(0) = 3, y'(0)
solution is y(z) = 3y;(x) — 2ys(z) where

—2 we have ag = 3 and a; = —2. Then the final

2 92 93
= 1232 4 6 ...
v(@) 2" T a2t Texaxat T
9, 2 2%
yz(ﬂﬂ)_g[:_gg[:Jr5><39€_7><5><336Jr
or,
2 92 93 2 27 93
=3(1—= 242 4_ 6 ) =2 =223 5_ T
y(@) ( 2" T Ix2" Toxaxa T ) (w 37 T5x3" TTxsx3" T
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5. (20 points) Find the general solution to the following Cauchy-Euler equation.

d2
xzd—z —2y=2a"+In(z), z>0.
x

We use the transformation x := €' to convert this equation into a constant coefficient differential
equation. So we have

e t =1In(z)
dy dydt dyl
dr " dtdr  dtz
dzy_ >y dyl 1
5 |7 i

ez dt

T2

Substituting all these findings into the differential equation yields

d*y dy] 1
2 2
— — —| = —2y=¢€“+t,
‘ {dtQ at |22~V T°
d’y  dy
2 2y =Mt
a2z a7
Now, it’s a constant coefficient differential equation. The characteristic equation is r? —r —2 = 0
and so the roots are 1y = —1,79 = 2. Then the homogeneous solution is

yn(t) = cre™t + coe®,  cp,co €R.

For particular solution, we use the undetermined coefficient method (UCM). We first try y,(t) =
Ae? + Bt + C. But here the solution e?* duplicates the first part of the homegeneous solution. We
thus multiply that part by ¢ to remove dependency. Our revised guess is then as follows.

y,(t) = Ate* + Bt + C

B=-

We compute y,, y, and substitute into the equation. We have A =
particular solution is

1 1 1
39 5,0 1 Then the

(1) = te* t 1
A TR
and the general solution is
» o te 1
Yg(t) = cre”" + 6™ + — — -+ -

In terms of the original variable z, it is

2] 1 1
Yy (2) = crz™! + cox® + " Inz) _ Infz) + -
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Alternative way As a first step, let us find the fundamental solutions to the homogeneous part

of the equation
d*y
2
S oy =0.
T da? Y

We seek a solution of the form y(x) = 2”. Differentiating up to the order two, we get
y(z)=ra"t, y'(x)=r(r—1)z" 2
Substituting them in the equation, we obtain the following quadratic equation in r:
ro=—1,ry =2.

Thus, fundamental solutions are y;(z) = 27!, yo(z) = 2% and general solution to the homogeneous
part is
yn(x) = cra™t + cor®

As a second step, let us find a particular solution. Since we know fundamental solution, y; and s,
we can apply the variation of parameters. Particular solution is given in the form

Yp = Y11 + YalUs
where u; and uy are given by the following integrals:

p(2)g(e)

_ [ _n@)g(@)
W y2) () x, us(x) d

a W (y1,y2)(2) -

uy(x) = —

Here;
o yi(x) =2, yo(x) = 2.
e We divide both sides of the equation by 22 to put the equation in standard form. Then we find

Inz

g(x) = 1—1-?.

o W(y1,y2) is the Wronskian of fundamental solutions

b a?
W(y1,y2)(x) = det (—x2 2:]5) = 3.
Then, we evaluate u; and uy as follows:
uy(z) = — Véﬂ(xﬂdx Integration by parts. Let w=1Inx and dv =
2(y1,y21)($) dz, then du = dx and v = x. Integrating by
_ /:(: (1+ F)d parts, we get
=— | ——=~dx
3
1 1 1
:——/dex——/lnxdx /lnx dr = Inx ZL‘—/ZL‘ ~ dz
3 3 NN N ~~ =z
1 ; 1 1 U dv u v v \du/
=——2a"——zrhr+-x

9 3 3 =xlnz —2x
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() = y1(z)g(x) d Integration by parts. Letu =1Inx and dv =
U2\®) = W(y1,y2)(x) v x%dm, then du = %d:p and v = —ﬁ. Integrating
~1 (] 4 Inz by parts, we get
:/—x ( 3 22 )dx
1 1 1 1
Inr —dr =1 -] = — ] — d
3 3 3 v pe U N—— N— P
= llnx — IH_ZE — L Inz 1
3 6x2 1222 T T o2 42

Hence associated particular solution is

Yp()

= y(x)u () + yo(z)uz(x)
1 1 1 1 Inz 1
-1 3 2
- (—5”6 _5331““5””)” (§1nx_@_12x2>
2 1 9 1 1
9 +3x nx 5 nx+4

As a final step, we write the general solution by combining vy and y,:

Yo() = yn(x) + yp(2)

21 1 1
2—%+§x2lnx—§lnx+—.

4

= clx_l + cox

Now we combine the second and the third terms, and denoting the coefficient (cy — %) by c5, we
rewrite the general solution as

1 1 1
y,(r) = eyt + cha? + 51,2 Inx — 51111: + .




