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1) (a) (7 points) (WebWork) Find the solution to the initial value problem 

!! − #"# + 6
! = −6,					!(0) = 5. 

 

 

 

 

 

 

 

For the following items of the question put a check sign √ if it is true or put a ×	if it is wrong. 

(b) (3 points) (WebWork) Which of the following differential equations are exact? 

(i)           (5! − 20)!! − 2! = 0. 
 

(ii)           12!234(0) cos(0) − ! + 2!$#%&!890 = 10 − 234$(0) − 40!#%&!89!. 
 

(iii)           !1 − !
" + %&

#"
#$ =

!
$ − 1. 

 

 

 

 

 

# SOLUTION KEY#

&CUTION: y-c
+
+ 6 = - by =y y+ by = e

+
- 6 = yet+ Getty =(- 6)et

t

=> (yet)'Stbey()eyGS
=>y(t) et- 5=St +7

=>y(t)=

-

u

X

-
>LUTION : (!) M(x,y)=- 3 y => My (x,y)=- 2 .

N(x
,y) = Sy=2x = Nx(xyy)=

24my =Nx

(!!) M(x,y)= ys!n(2x) - y + 2y
2
e
***
= My (x,y)=S!n (2x)

-7 +4yexyz+ 4xy3eX2 2

N(xt) = -X+s!n=(x) + 4xy**= Nxky)==1+2·s!n(x) .Cos(N) + 4ye**+4x&
Y

C!r!)MEMYOGMy
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(c) (3 points) (WebWork) Which of the following differential equations are separable? 

(i)              '&'# = ;! − ! 

 

(ii)              '&'# =
sin(#) cos(&)

*+&!  

 

(iii)              '&'# = ;$ − !$ 

 

 

 

 

(d) (3 points) (WebWork) Mark the correct one and fill in the blanks. 

(i) 0 '&'% − 4! = 0,!&  is a linear / nonlinear differential equation of order         . 

 

(ii) <'&'%=
$
+ ! cos(0) = 5  is a linear / nonlinear differential equation of order         .  

 

(iii)  '
!&

'%! + sin(0) '&'% = cos(0)  is a linear / nonlinear differential equation of order           . 

 

 

 

 

 

 

 

 

 

 

 

V SOLUTION--

- (!) * = y . (t-1)= = (t-1)dt

X

(!!)ydy = s!ncto

1

1

2
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(e) (4 points) Match each linear system with the one of the phase plane direction fields. 

A.             
0*! = 0* − 50$
0$! = 20* − 0$      

 

B.             
0*! = 0* − 40$
0$! = 40* − 70$ 

 

C.              
0*! = 0* + 40$
0$! = 0* − 20$ 

 

D.              
0*! = 30* + 40$
0$! = −20* − 0$ 

 

1

2

3

4
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2) (a) (9 points) Consider the differential equation 

!!! − 6!! + @! = 2#$% + #-%(0 − sin(0)) . 

For @ = 8, @ = 9, and @ = 10, find the final form for the associated particular solution ( taking into account 
the linear dependencies ) if the method of undetermined coefficients is to be applied (do not evaluate the 
coefficients). 

(i) @ = 8: 

 

 

 

 

(ii) @ = 9: 

 

 

 

 

 

(iii) @ = 10: 
 

 

 

 

 

 

 

 

The rootsof character!st!cepuat!on +2Gr+8= 0

are == 4 and re = 2 .
Solut!ons of homogeneous part are

ye(x) = e4X and Y2(x)= e2X

Yp(x)= G . X . ezx e
34

. (c2X + (3) + 2
34

. (cy - cos(x)+ (s!n(x)

The roofs of character!st!c equat!on r2-Gr+ P= 0

are re= re = 3. . Solut!ons of homogeneous port are

Y, (x1 = e3x and ye(x= xe3X.

Yp(x1= c, e2x +(X2e3X + e3x(( . cos(x)+c .s!n(x))

The roots of character!st!c equat!on r2Gr+ 10= p

are!n= 3 +! and r2=3-!. solut!ons of homogeneousport

are y, (x) =
e* cos(x) and 42(x)= 23. s!n(x).

Yp(x) = Ge2x + e3(GX + (3) + 23x(cyxcos(x) + (Xs!n(x)
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b) (11 points) Given that	!*(0) 	= 	0#"%  and 	!$(0) 	= 	0#"$%sin	(0) are two fundamental solutions to a 
sixth-order, constant coefficient, linear, homogeneous differential equation. Find the other fundamental 
solutions and express the general solution. Explain your reasoning. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

-OLUTION : S!nce we have x !n front of e-". Itmeans

that there are repeated roots. So yy(x)= e-X !s also

a fundamental solut!on .

S!m!larly, yp(x) = es!n(x) , ys(x)=cos(X) and

y (x) = Xe-2xcos(2x) are fundamental solut!ons .

The general solut!on "s

y(x) = (4 + (x)e
- *

+ 2
*

((y + cyx) . cos(x) + (cy+4X)s!n(x)
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3) (15 points) Find the general solution to the differential equation 

0$!!! + 60!! + 6! = 20"*#"% ,														0 > 0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

-LUTION : Let Yp(x)= X Then Y'(x)= r. **-and

Y"(x)= r. (5-1) . Xr
-2

* (r .(=1) . x
+-2) + 6x. (rx

+-1) + 6 . xz0

~. (r- 1) . x 4 + 6rx+ 6x= 0 = (2- r +
br+6)x= 0

=> r2+ 5r+ 6 = 0 = (r+ 2) . (r+3)= 0

=> M = -22 = -3.

So In(x)=c. x* + C .
X3

We Set yp(x =X 41(x) + X-342(x) Where

x
-

un'(x) + =342 (x)= 0

- 2x
-34
,
'(x) + 3x

-44z(x)=-X
NOW

,

w =1xx =-32 -

M = 1- = - 2x de-



O

2 =1 2x3e -x) = 2 ke- X

4- Lea
-S

4=x

Integrat!ng y!elds

"1 = - 2e-
*
and 12 = 2xe*+ Le* xedy

Therefore;

Yp(x) = x2(-2-x) + x3(2x
*

+2
-*)

yp(x) = -e*

+e** +2x3
-
X

So the general solut!on of d!fferent!al

equat!on !s

y(x) = G .x +2 .
[3 + 2[e -

X
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4) (a) (15 points) Solve the following system of first-order equations 

!! = H11 −25
4 −9 I !. 

     (b) (5 points) Find a fundamental matrix. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

-OLUTIONS : (a) The character!st!c equat!on
of the g!ven system

of f!rst-order equat!on "s

11- 2 -25
= 0- (2=1)= 0 .114 - 9 -X

Hence the roots of the equat!on areM =12= 1.

Then
,
we w!ll f!nd e!genvector correspond!ng to c!genvalue

M=12=1 .

For 1=1
,

(10)() = (10-25
= TOVn= 23 =7 ve .

Then the e!gentector !s

4 =(=
We w!ll f!nd a general!zed e!genvector of rank2

correspond!ng to e!genvalue M=1.



IfY2
"s a general!zed expenvector of rank 2

correspond!ng to e!genvalue n=1

(A-I/vz = 0 , where A-2.(
(A-1) . (A- 1) ve = 0 .

We have known that (A-1)v= 0 , so we

have

(A - 1)vz = Vy

(0-25)() = () =42-O
= V21=Ve

u = () =()=



F!nally, the general solut!on of g!ven system

of d!fferent!al equat!ons !s

y(t) = c . et(z) + 2 . (ett() +et()
y(t) = (1 +ct) .et((2) + c . et(24)
(b) A fundamental matr!x !s

(ettet



           MATH 255 DIFFERENTIAL EQUATIONS                           
Final Exam / 07.01.2025 

 

Duration: 13:30 – 16:00 
 

5) (WebWork)  Find the inverse Laplace transform !(#) = ℒ"*{(())} of the functions  

(i) (10 points) (()) = ./"$0
/!"./+$1 . 

 

(ii) (10 points) (()) = ,
/!"2/+3 	,

"2/ . (Notation: Use unit step functions -4(#)  with step at #	 = 	.  to 

represent 	!(#)). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

-OLLITIONS :

(!) F(s) = 0S - 29
=S2852022

->
f(t) = 2(F(s)] =(02)

= 0 . ecos (2t) + 2 .

e* s!n (2t) .

(!!) [[F(s!b = -Ge5Yetf)

where f(t) =1[!]

[sn] =5+ = 2 .

e* 2 .

et

2"[F(s!y = 45(t) . (2 . e4t
-

202ct-S) .
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6) (WebWork) Find the solution to the given initial value problem using Laplace transformation 

/$0
/#$ + 90 = 3(#),					0(0) = 0, 	0!(0) = 0 

where 3(#) = R#, 0 ≤ # < 4
0, 4 ≤ # < ∞V. 

(i) (5 points) Take the Laplace transform of both sides of the given differential equation to create the 

corresponding algebraic equation. Denote the Laplace transform of y(t) by Y(s). Do not move any 

terms from one side of the equation to the other (until you get to part (2) below). 

____________________________________________________ = ________________________________________________ 
(ii) (5 points) Solve your equation for Y(s). 

>()) = ℒ{0(#)} = _______________________________________________ 
(iii)  (15 points) Take the inverse Laplace transform of both sides of the previous equation to solve for 

y(t). 

If necessary, use unit step functions to represent your solution. 

0(#) = _______________________________________________________________________________________ 
Write your explanations on finding 0(#)	 related with item (iii) below in detail.  

 

 -au(Tak!ngtheLaletransform
otest e

22y" + gy} = 25g(t}

24y"3 + 9 .Sayz = 25g(t)}

5 y(s)
- sy(0) -y'(0) + g . Y(s) =

G(s)
,

where 6(s) = (Eght)] = 24 t . [x(t) - 4(t-4)]]

= 2440(t) · t] - 254y(t) . t}

=0sF(s) - 24 Fz(s)



F(s) = 2 [f
,
(t)) = CE + 3 ==

↑ (s) = 2Efelt!z = (4t +4)= + 4

S!nce y(0)=y'lo) = 0, we can obta!n

say(s) +9/(s)
P!l Y(s) . (55+ 9)=
Y()=(

&!!) We w!ll take the !nverse Laplace transform

of both of s!des of prev!ous equat!on to solve

y(t) .



y(t) = 2[y(s)]-]
-(ses]-Gea)
-[4]

s"nce

&2)and

[(sel]=-

(Ge =4

[4(t)etl



Then
,
the solut!on to the !n!t!al value problem

!s

y(t)=E

-4p(t))
-4p(t))- -Lost
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