MATH 255 DIFFERENTIAL EQUATIONS
Final Exam [ 07.01.2025

Name: Number:
Section: Prof.Dr.Nasser Aghazadeh Do¢.Dr.Gékhan Sahan Dr.Kemal Cem Yilmaz
1 2 3 4 5 6 Total
20 20 15 20 20 25 120

H S0LUTION KEY H#

1) (a) (7 points) (WebWork) Find the solution to the initial value problem

"—et+6
y—:—6, y(0) = 5.

6t

6t -¢
+ ‘c‘tj =(e. - ‘)G—

SOLUTION: y'-e.t-o- 6=-6y =y _9'+‘j= et 6 = Y. e

t
= (]c“) = esﬁ. 6t =) J(t)est_jlo)= J(e.gs. 6:“)0’5
o

For the following items of the question put a check sign V if it is true or put a X if it is wrong.

(b) (3 points) (WebWork) Which of the following differential equations are exact?

() W5y —2x)y' —2y=0.
i) M (2ysin(x) cos(x) — y + ZyZexyz)dx = (x — sin?(x) — 4xyexy2)dy.

3

i) K (1-5+x)F=3-1
Socution: (;) Mlx,y)=-2y => MJ (x,y)=-2. }M;‘:N,"
Nlxy)= 5y-2x =) ,vx_(x,y)=.z

. _ 2_%Y%_) py1x,y)=Sinl2x) ¥
(i) M (x,y)=ysin(2x) -y +2) "€ 2 Iy 1% A gty q?tyse /

2 x’
NUxiy) ==X +5in*(x) + 4xyél = Nyboy)=-142-sinix) .cosx) 4y + drye

2

2

Duration: 13:30 — 16:00

il - 3 = (x,y)=0
(:i}Mtx,y)- 7-1 = My xy) j My #Nx.
N (xy) = 1-3fy +x = A lxyl=1
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(c) (3 points) (WebWork) Which of the following differential equations are separable?

0 W =ty socu7/oN
v dy _ sin(t) cos(y) ") ;Ji- - . l..‘_1) =7 iy_ - (““')dt
i) VW o =" ( 5 =7 Y

i) pU =12 —y? 2
Ciy 1y~ dy = sin(+)dt
cos(y)

(d) (3 points) (WebWork) Mark the correct one and fill in the blanks.
(i) xj—z — 4y = x%e* is dllinear)/ nonlinear differential equation of order |1 .
2
(i) (Z—z) + y cos(x) = 5 is alinear /ionlinear differential equation of order 14| .

2
iii) 2 + sin(x) L = cos(x) isa liné@p/ nonlinear differential equation of order & .
dx? dx q

Duration: 13:30 — 16:00
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(e) (4 points) Match each linear system with the one of the phase plane direction fields.

A 1 x]_’ = X1 — sz
o r
x2 —_ le - xz

B x1, = X1 — 4-x2
) z x2, = 4x1 - 7x2

C X1 =x1+4x2
- 13 X, =% — 2x,

D x]_’ = 3x1 + 4x2
‘ 4 le == _le - x2

(2)

: 2
rr rrrrr nnrn;r»»
'
I . ! pr
1 ! r rnn nnn'" =
< 0 =< 0
_1_ —1.
_2 _2
-2 -1 0 1 2
X1
. ] S
A"ZE
‘[,fl‘
1t AR\
»
.
)(‘ 0 )(l 0 ‘\
=
.
-1} 4 3
;\f
-2 ol
o ! ! 2 -2 - 0 1 2
X4 %,

Duration: 13:30 — 16:00
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2) (a) (9 points) Consider the differential equation
y'" — 6y’ +yy = 2e* + e3*(x — sin(x)).

Fory = 8,y = 9,andy = 10, find the final form for the associated particular solution ( taking into account
the linear dependencies ) if the method of undetermined coefficients is to be applied (do not evaluate the
coefficients).

() y=8:The rootlsof charockristic equation rt érs8=0

are ry=4 and 1y =2. Sokrtions of hamogencous pot OC

Yelx)=e“* ond y,(x)aeu.

3% 3%
Yotxlz 1 2.2% 4 & (cia4e3) 4 & (cy-coslx)s G 5mx))

(i)  v=9: The roots of chearacteristic equation r2 _6r+9=0

Q€ (y=r3 =3. Soktions of homogeneous port ore
Yy(x) = 3% and Ya2(x)= xc3z.

33X

9P (x)= < sz + €, ch + ch (C3- CO.S(X)-}-C(,'S/'H(X})

(i) y=10:The roots of chorackristic equation T*-6r+10=0

ore r,=3+é Ond HR=3-c¢. Soktions of /)omogevcovSPOft

3

3x
orc y,(x)=e .cos(x) and g(x)=¢C X, sin (x).

Yp (x)= [ ch + g'gx, (X +c3) + ch (c,,xcastx)-rc;xm#i

Duration: 13:30 — 16:00
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b) (11 points) Given that y,(x) = xe * and y,(x) = xe ?*sin (x) are two fundamental solutions to a
sixth-order, constant coefficient, linear, homogeneous differential equation. Find the other fundamental
solutions and express the general solution. Explain your reasoning.

S0cuTIoN - Since we have x in frant of e ¥ /f mcons

that  there ore repeoded roots. So  g3i(x)= e-* /s ako

a0 fundamental soltion.
=2 -2
Similarly, Y4 (x)= e x:inlx) , Ys (x)= ¢ xcc.s(x) ond

Yslx) = x e X cos(ex) ore fundamenio/ solvHons .

The  gencral solution

Yxl=(cy+qax) e ((cs +cq2 ). cos(x) + (cgt+gR)sink)

Duration: 13:30 — 16:00
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3) (15 points) Find the general solution to the differential equation

Xy b bry +6y =20l x>0, r-1
SocuTIoN . Let Y, (x)= " Then Y, '(X)=TX and

Y'lx)= r.-lr-1). x r-z

Xz. (r.(r-l).xr-z) + 6X- (nxr-q){_ 6. x"=0

2 r.
r,(’--','xr‘l_ ‘rxr+6xr=0 => (,"-l— -}6’-*6))( 0

=) r2+ Sr+6=0 =) (r+2). (f‘f.g):a
=> M=-2 R=-3.

-2 -3
So Y, (x)=¢. X + S . X

-2 -
We set  gplx)=X Uy lx) + X ¢ (2) where

) _3
X 2u s X4 x)=0

- -1 X -3 _x
- 2x73 u,' ) - 3x "u,_ (x)z 2x e _ 2X e
x 2
Now ,
-2 -3
X X 4 4
W = = -3x by axta X
_ax3 _ax |
0 -3 -6 _
W1 - x = - 2 x | x
1 zx‘i-x -3 x-q Duration: 13:30 — 16:00




. x~2 0 P
2~ - = Xe
_2x-3 2X3eX
/W _2xbe-X i
w -x-6
W -5 __X -
o'= 22 = 2Xe”" _ _2xe
w/ -X~6
In kgra ting Jlelds
I
Ug=-2e"% and 4= 2xe _,.zg"“
There fore
- - -X -X
Yplxl= X 2(-2¢-%) , xj(zxc +2e )

-3 X

Yplx)= _ 25267 L 2% ¢ % 425 e

So +he general solution of differentiol/

cquation s
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4) (a) (15 points) Solve the following system of first-order equations

, _[11 =25
y—[4 9|7

(b) (5 points) Find a fundamental matrix.

S0cuT/oNS . (o) The characteristic eguatan of the given Systm

of fist-order eguation s
17-0 -25 !
4 <9-n

Hence  +he  roots of 4he eguation Ore

2
0 = (ﬂ-—") :0.

A, =/lz - 7.

Then, we will find eigenvector correspandling 10 elhenvok e

41=Az=1'
For A=141

19 ’25) (v") ] (a) =’> ,0V,ﬂ— 25",'2': 0
4 ~-10] \Yn 0

25
=p 70v,,= 25y, =7 Y= rry Vyp . Then the elgenvector /s

25 5
v =( sm)z ( ,—o-“rz - (—2_-) Vg
V12 Vyp 1
We will find @ generalized  cigenvectar of ronk 2
colresponding 10 elgenvake 2 =1.

Duration: 13:30 — 16:00



If V, Is a generalecd eigenvechr of rok 2
colrespendling 19 eigenvake N=1

(44-1)2"2.30 , where A= " -2 |
4 =9

(A‘r)-(A-I)szo.
We have known +hot (A-I)v,:ﬂ,so we

hove

(A’I)Vz:.' Vg -

0 -25 v s/.
( &1 - 2 =') 4V21 .-.IOsz: .L
4 -10/ \Vae 1




Finally, the 8encral solvtion of gven syskm
of differcotiol equations /s

S

+ I ¢ > ¢ 1
Ytt)=c,. e .(?’)+cz-(e .t (:)+c (;)
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5) (WebWork) Find the inverse Laplace transform f (t) = L™1{F(s)} of the functions

8529
52-8s5+20 "

(i) (10 points) F(s) =

(ii) (10 points) F(s) = e~55. (Notation: Use unit step functions u.(t) with step att = c to

represent f(t)).

$2—-5s5+4

SOLUTIONS :
¢i) Fts)= 8s-29 _ &s-23 _ 8s-23
s%¥s+20 (5"-85-;-16)4.4, (5_q)l+ 22
= §(s-4)+3 - 8 -9 + 3. z
B y R
(s-4)"4 2* (s-u)%, 22 2 (s-4f+2

[(£)= L7 Fi)} - 1{ g. 24 L 2 _i_}

(s-4)% 2% (s-af+ 2"

4 ¢ gt
=8. e  cos(2t) + %.e . s/in (2¢).

W) L'{Fe}= & { "5S¢ }=05(¢)-f(£-5)

sS2ss+y4

where £(¢)=JS" P 7OV

- - ¢ <
£ 6 el P +(-z).L}=L.e‘.'  ge
s 8s.9 S-4 s-1

4t—20 <-S
l {‘F[S’}- (/;(t) ( - € ) .
Duration: 13:30 - 16:00
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6) (WebWork) Find the solution to the given initial value problem using Laplace transformation

d?y )
F"“)y =g(), y(0)=0,y(0)=0
t, 0<t<4
where g(t) = {0 4<t< oo}.

(i) (5 points) Take the Laplace transform of both sides of the given differential equation to create the
corresponding algebraic equation. Denote the Laplace transform of y(t) by Y(s). Do not move any

terms from one side of the equation to the other (until you get to part (2) below).

(ii) (5 points) Solve your equation for Y(s).
Y(s) = L{y(®)} =
(iii) (15 points) Take the inverse Laplace transform of both sides of the previous equation to solve for
y(®).
If necessary, use unit step functions to represent your solution.

y(t) =

Write your explanations on finding y(t) related with item (iii) below in detail.

S0cuTIONS (i) Taking +he Lqplace 1ramsform of both

of sides of The glven differential equation
Liy s 9yb= L{st¢]

L4} s 9 41y) = Ldgcer}
st Y(s) _ s y(0) -y'(U) + 3 Y(s) = G(s) 5

where 6(s)= 4 {3(“}: f{ t[u(t)-d(t-#)]}
=L{u,l£)-é}- Lige) ¢}
e FEs)- e B 6)

Duration: 13:30 — 16:00



7‘}15):,({,5(&)}:.(.{1&}:?,
Fls)= Lfhef= L{¢ts+4}= 1; 4.

Sinee  4lo)=y'to) = 0, We <on obtoirn

.52

W) Yis). (s%9) = 1 _ o (L , L)
S‘

(1ii) We will take +he inverse Laploce Erfansform
of bothof sides of previous equation +o solve
g



_4s
_ L— 1 4e } |
s.(s%+9)
Since

1 ‘4 __'. ond

st (s 9) Is* 9(s*93) sls 49) 9s 9619

-1 ) _ i _ sinl(3t)
i s2(s%.9) 9 27

[ e (2 seled

s2(s%49) 27 /

‘L.d 4{‘“ U ) (i _ 4605(3t-ny-
s(siea) | 9 3

! S

— i )




Then, the solution 1o +he nitial vale problem
/s

ylb)."—' € _ .S/ﬂ(3t)

9 27

2%

s(3t-12)
_u )[4 - J<0 :

=12
‘uq t) ( t-4 _ sin(3t ))
9
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21.

23.

25.

27.
29.

31

33.

35.
37.

Table of Laplace Transforms
f()=2MF(s)}  F(s)=2{f(1)] f(6)=£"{F(s)] F(s)=2{/ (1)}
1 l 2. eal 1
R S—a
t", n=1273,... % 4. ", p>-I l"(p:l)
R sP
N Iz 6. ™ n=123 135 (2n-1)Vx
25t ’ T 25"t
sin(at) = Za: 8. cos(at) = ia:
) 2as s’ —a’
tsin(at) (Sl+a,)- 10. tcos(at) : +a2)
. 24’ . 2as’
. sin(at)—atcos(at) (s3+a2)2 12. sin(at)+atcos(at) (v +a)
2 _ 2 2 4342
cos(at)—atsin(at) (s -a ) 14. cos(at)+atsin(at) (o7 ’az)
(s +a”) (s*+a*)
sin(a +b) ssin(b)+acos(b) 6. cos(at+b) scos(b)-asin(b)
s’ +a’ s’ +a’
sinh (at) 2 18. cosh(at) L
sT-a sT—a
e sin(br) (s—a) +5 20. e“cos(bt) (5-a) +5
b s—a
e“ sinh(bt) m 22, e“cosh(br) m
o n! 1 (s
t"e”, n=1273,... (S—(I)M] 24. f(Ct) ;F(;)
u (t)=u(t-c) e 2% 5(t-c) -
Heaviside Function K " Dirac Delta Function
u (t)f(t-c) e “F(s) 28. u.(t)g(t) e“Llg(t+c)}
e’ f(1) F(s-c) 30. t"f(¢), n=1273,... (-1) F'"‘(s)
]_f(t) Jﬂ F(u)du 32. Ir f(v)dv M
t 5 0 s
['£(t-7)g(c)ds F(s)G(s) |34, f(t+T)=1(c) [y s ()i
1-e
f(1) sF(s)=/(0) |36 f'(1) s*F(s)-s/(0)-f'(0)
f(n)(,) S"F(S)—S"_lf(())—S"_Zf'(())---—sf("_z' (0)_f(n—u (0)

Duration: 13:30 — 16:00



