MATH 255 Differential Equations
Final Exam /13.01.2026

Solution Key
1 2 3 4 5 6 Total |
2+9+4 10+10 10+10 3474743 1045 20 110

Read the instructions below.

e This exam has 6 questions (verify).

e Thesth question is from WebWork. You are expected to provide detailed calculations and explanations that
clarify the method of your solution, including those from WebWork. If the method is not specified in the
question, you may use any suitable approach for solving the problem.

e A correct answer without any calculations/explanations will not receive any credit. An incorrect answer,
including partially correct calculations, will receive partial credit.

e You may not use any electronic device such as phones, smart watches, etc., including calculators. Attempting
to use any electronic device will be treated as a cheating attempt.

e You may not leave the exam during the first 30 minutes.

1) Consider the following differential equation

24,7 e
xeVy ———= , x> 1.

a) Answer the following:
i. Isthe differential equation linear or nonlinear? Nonlinear.
ii. What is the order of the differential equation? One.
b) Find the general solution. (Hint: Use the substitution z(x) = e2Y™),
Let z = e?Y, then z’ = 2e?Yy’. Using the substitution, the differential equation transforms into

the following first-order, linear equation

, 2—Xx
xz' —z = :
X
It can be written in standard form as
, 1 2 1
z ——z=—-7,
X X X

so we find the integration factor pu(x) = e~ /1/0dx = i Next, we multiply both sides by u(x) to

obtain
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d (z(x)\ 2 1
dx\ x | x3 «x2

and then integrate both sides of the resulting equation to get

z(x) 1 1 1
—=—-=+-+C = z(x) =——+1+ Cx.
x x2  x x

Using the substitution z = e2” back, we obtain the general solution as

1
yg(x) = Eln :

1
——+1+Cx
X

€) Canyou find an initial condition imposed at x = 1 so that the solution remains finite as x — oo?

Observe that for C # 0, the limit lim y,(x) does not finite. Therefore, finite limit is guaranteed
X—00
only when C = 0. However, for C = 0, associated solution becomes
_% \ L 1|
y(x) =3ln|—~
which is not defined at x = 1. Therefore, there is no initial condition that guarantees the solution

remains finite as x — oo,
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2) Consider the forced second-order linear oscillator
x"(t) + bx'(t) + x(t) = 2sin(t), t=0.
subject to the initial conditions
x(0) = 0,x'(0) = 1.
a) Find the solution for the undamped case (b = 0). Describe how the solution behaves as time t increases.
Step 1 - Complementary solution: For b = 0, characteristic equation is r* + 1 = 0 wsth roots r; , = Fi. Hence,
the complementary solution is
x.(t) = ¢y sint + ¢, cost.
Step 2 - Particular solution and general solution: Using the method of undetermined coefficients, our usual
guess, A cost + B sin t, is linearly independent with the complementary solution. Therefore, we multiply it by t
and try the following one
x,(t) = Atcost + Btsint.
Computing the derivatives x,, x,," and substituting into the nonhomogeneous equation x" + x = 2sint, we

find

So a particular solution is x,,(t) = —t cos t and the general solution is
Xg(t) = cysint + ¢, cost — tcost.
Step 3 - Initial conditions: x,(0) = 0 = ¢, = 0. Therefore, x(t) = ¢; sint — t cost. Computing the derivative
x'(t), we find
x'(t) =cycost —cost —tcost.
Fort =0, wehavex'(0) =1=c¢; —1 =1 = ¢; = 2. Hence, solution to the initial value problem is
x(t) = 2sint — tcost.
Solution grows unboundedly to —oo as t increases.
b) Find the solution for the damped case with b = 1. Describe how the solution behaves as t — oo.

Following the same steps in part (a), we find the complementary solution as
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t V3 (V3
x.(t) =e 2 <cl cos <7 t) + ¢, sin (7 t>>

x,(t) = —2cost.

and particular solution as

Hence, the general solution is

t V3 (V3
xg(t) =e2 <01 cos (7 t) + ¢, sin (7 t>> — 2cost.

Note that no matter what ¢, and c, is, complementary part tends to zero as t — oo, therefore

Xg(t) ~ —2cost, ast— .

4

Now employing the same initial conditions and after calculations, we find c; = 2 and ¢, = NES

Hence, solution to

the initial value problem is

g V3 4 (V3
xg(t) =e <2 cos <7t> +Esm <7 t)) — 2cost.
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3) Adifferential equation with variable coefficients is given as

A-x)y"+xy'—y=9kx), 0<x<L1

a) For g(x) = 0, verify that the homogeneous equation has a solution y, (x) = e* and find a second linearly

independent solution.
Substituting y; (x) = e* and its derivatives y;,y;’ into the homogeneous equation, we get

1-x)e*+xe*—e*=e*(1—-x+x—1)=0, forallx € (0,1).
Hence, e* is a solution to the homogeneous equation. To find a second linearly independent solution, we can
apply method of reduction of order. To this end, let us look for a second linearly independent solution y, in
the form y, (x) = v(x)e”*. Calculating the derivatives,

Y0 = e*(v@) +v' @), () = et (v() + 20" (@) + v (x)
and then subtituting y,,y3, y5 into the homogeneous equation yields the following differential equation with
the unknown v.

QI-xw"+Q2-x)v'=0

Set w = v/, then the above equation transforms into the following separable equation

w' 2—x
(1—x)w’+(2—x)w=0:>W:—

1—x

Integrating both sides yields

2—Xx 1
lnw=—j1 dxz—j(1+m)dx=—x+ln|1—x|=—x+ln(1—x),

since 0 < x < 1. Then,
w(x) = (1 —x)e ™.
To find v(x), which is related via v’ = w, we integrate (by using integration by parts — Calculus ) with respect

to x and obtain
v(x) = fw’(x)dx = f(l —x)e *dx = xe™*.

Hence, we find the second liearly independent solution as

y2(x) = v(x)y; (x) = x.
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b) Find the general solution of the nonhomogeneous equation when

gx) =2(x — 1)%e~,

Having the fundamental solutions y, (x) = e*, y,(x) = x leads us to apply variation of parameters to find

a particular solution. To this end, let us first put the nonhomogeneous equation in standard form

N+ x ! 1 —_— 2( 1) —-X
y 1—xY 1-x7° x ¢

Fundamental solutions are y; (x) = e*, y,(x) = x so the Wronskian is

W(}’1(X)J’2(x)) = |2§ )1C| =e*(1—x).

Then, in view of the variation of parameters method, particular solution is given by y,, (x) = u; (x)y; (x) +

Uy (x)y, (x) in which

u; (x) = ZI%C& = —2fxe_2xdx = M
and
e*(x —1e™™
u,(x) = _Zfex(l——x)dt = Z_fe‘xdx = —2e” ",
Hence, particular solution is
Vp () = us () y1(x) + ux(0)y,(x) = M —2xe™* = (% - x) e™”

and the general solution is

1
= cie* + +(—— ) -,
Vg (x) = cre* + cox S X)e
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4) Consider the initial value problem.

y'+4y' +5y=g(), y(0)=0, y'(0)=1,
where

9@ :{ ; ’ Slt;tl}

a) Write g(t) in terms of the unit step function u.(t).
gt) =t —u, (O = D).
b) Apply the Laplace transform to both sides of the ODE. Solve for Y(s) = L{y(t)}.
Taking into account the initial conditios, Laplace transform of left hand side is
L{y" + 4y’ + 5} = s2Y(s) + 4sY(s) + 5Y(s) — 1.
Using properties 3 and 13, right hand side becomes

1 es
L{t —u, (O - 1)} = AR

Consequently,

e’ Y(s) 1 N 1 e’
= = - .
YV s2ras+5 (s?+4s+5)s?  (s?+4s+5)s?

1
s2Y(s) +4sY(s) +5Y(s) =1 = — — —
s2 s

¢) Find y(t) by computing the inverse Laplace transform of Y (s).

Denote

1 e’
= Y- = =
(s? + 4s + 5)s?’ 3(5) (s? + 4s + 5)s?2

Yi(s) = Y2(s) e Y (s)

s2+4s+5’
and y,(t) = L7HY1(9)}, y2 (&) = L7H{Y,()}, y3(8) = L7H{Y5(s)}:
e Using the property 9,

1

yi(t) =LY ()} =L~ {m

} = e ?tsint.

e Using partial fraction decomposition (Calculus I), we can write Y, (s) as

1 _ 41+11+1 4s + 11
(s2+4s+5)s2 255 5s2 25s52+4s5+5

Y,(s) =

or in a more convenient way
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41 11 1( s+2 1 )

Yo(s) = ———+=—F—(4X— 33—
2(5) 255+552+25 (s+2)2+1+ (s+2)?2+1

so that properties 9 and 10 are applicable for the last two term. Thus,

O = L1, () L‘l{ 41+11+1(4x s+2 . 1 )}
= S)f = =t (A=t e ==t
Y2 2 255 552 25\  (s+2)2+1 (s+2)2+1
4 t 4 3
:—£+§+£e‘2tcost+£e_2tsint-

e Using Property 13

y3(t) = L7He Y, (5)} = uy (D)y,(t — 1).

Hence, the solution to the initial value problem

y(®) = y1() + y2(t) — y3(0),

where

4 t 4 3
y.(t) = e ?tsint, y,(t) = —E+§+£e‘2tcost +£e‘2t sint, y5 () = uy (B)y,(t — 1).

d) Describe the behavior of y(t) ast — oo.
Solution to the initial value problem consists of three type of fuctions: Constant functions, polynomials
with first-degree, exponential functions with a negative exponent multiplied by sines and cosines. The
constant function remains constant no matter what tis. Due to the negative exponent, the exponentials
multiplied by sines and cosines tend to zero as t — oo. However, the polynomial ¢ will grow unboundedly

ast — o, Hence tlim y(t) = oo.
—00
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5) (WebWork) Consider the linear system

=7 %
Y “liz gl
a) Find the eigenvalues and eigenvectors for the coefficient matrix.

, U= , andA,=__ |, v, =

—4

det(4 — AI) = det [_612_ A o

|=0=2-22=0
. a c . .
Hence the eigenvaluesare 4, = 0and 4, = 2. Let v, = [b] andv, = [d] be the associated eigenvectors.

o A =0

-6

(A—/h[)vl =0= [12

_84”Z]=0:>3a+2b=0.

Choose a = 2, b = —3, then v, = [_23]
« N=2
(A= 2,10, =0 = [;g _64][2] —0=2c+d=0.
Choosing ¢ = 1,d = —2 yields v, = [_12]

b) For each eigenpair in the previous part, form a solution of y' = Ay. Use t as the independent variable in

your answers.

e Solution associated to the first eigenpair (44, v,) is v,eMt = [_23]

e Solution associated to the second eigenpair (1,,v,) is vyefet = [_12] e?t,
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6) Solve the following system of first-order equations

x' = [_1 4«
1 -1
Step 1 - Eigenvalues:
det(A — AI) = det[_ll_/l —1_11] —0>(A+1)2+4=04,=—1F 20
Step 2 - A complex eigenvector: Choose ; = —1 + 2i. Then,
_[—2i —4
a-ni=7 T

Letv = [Z] Solving the system (4 — A,1)v = 0 yields
—2ia—4b =0 = a = 2ib.
Take b = 1, then a = —2i and the associated eigenvector is
_[2i
v=]7]
Step 3 - Real-valued general solution: The eigenpair we found above yields the following complex-valued solution
Mt — [20] [ (-1+20)¢
vet = [2] ec1vanr,

Alt

To find two linearly independent real-valued solution, let us decompose ve*1* into its real and imaginary parts.

Mt — [20] (-1420)t — ,—t [20 C — -t
ve™ [1]e e [1](c052t+151n2t) e

— ot [—2 sin 2t
cos 2t

—2sin 2t + 2i cos 21:]

cos 2t + isin 2t
2 cos Zt]

+ie”t [ .
sin 2t
Hence,

_+[—2sin2t _t+[2cos 2t
t t
€ [ cos 2t and e [ sin 2t ]

are linearly independent two solutions and the real-valued general solution is

2 sin 2t et [2 cos Zt]'

x, (t :ce‘t[_ .
10, L cos 2t sin 2t
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TABLE 6.2.1 Elementary Laplace Transforms

()= L7 F(s)) F(s) = L[ f(D)) Notes
1.1 l 5=10 Sec. 0.1; Ex. 4
5
1 : -
2. ™ §=a Sec. 6.1: Ex 3
5s—a
1
3. "  n = positive integer f+1 _ s=10 Sec. 6.1; Prob. 27
s
I 1
447, p>—1 (p+1) .0 Sec. 6.1: Prob. 27
SF+1
. a
5. sinat — 5=10 Sec. 6.1: Ex. 6
5"+ a
6. cosat 5 > 5 5=10 Sec. 6.1: Prob. 6
5"+ a
7. sinh at 2 s>l Sec. 6.1: Prob. 8
s —a-
8. cosh at . u =, 5 = |a| Sec. 6.1; Prob. 7
5T —a
. b _
9. " sin bt —_— 5> a Sec. 6.1: Prob. 13
(s —a)y +b
s—a :
10. ™ cos bt —- s=>a Sec. 6.1: Prob. 14
(s —a)y +b
1
11. "¢™. n = positive integer T T 5> a Sec. 6.1; Prob. 18
{S _ a}n‘l‘
o %
12. u (1) \ =0 Sec. 6.3
5
13, u (£) f(t — ) e “F(s) Sec. 6.3
14. & (1) Fis—¢) Sec. 6.3
1
15. f(ct) “F(2).  e>o0 Sec. 6.3: Prob. 19
c \c
16. fa F(t — 1)g(t) dr F(s)G(s) Sec. 6.6
17.8(t — ) e F Sec. 6.5
18. £(¢) SF(s) —s" L F(0) — - — F7D(0)  Sec. 62
19. (=)™ £(¢) Fi"(s) Sec. 6.2; Prob. 28
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